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Abstract
We consider a free p-form gauge theory on a d-dimensional sphere of radius R and calculate
its free energy. We perform the calculation for generic values of p and obtain the free
energy as a function of d, p and R. The result contains a logR term with coefficient
proportional to (2p+ 2− d), which is consistent with lack of conformal invariance for p
form theories in dimensions other than 2p+ 2. We also compare the result for p-form and
(d − p − 2)-form theory which are classically Hodge dual to each other in d dimensions
and find that they agree for odd values of d. Instead, for even d, we find that the results
disagree by an amount that is consistent with the reported values in the literature.
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1 Introduction
Sphere free energy plays an important role in the study of Renormalization Group (RG) in
d-dimensional Quantum Field Theory (QFT). If an RG connects a unitary UV Conformal
Field Theory (CFT) to a unitary IR CFT, then a certain positive quantity defined on the
space of CFTs, decreases monotonically. This is the well known c- , F - and a-theorem in
d = 2, 3, 4 respectively [1, 2, 3, 4, 5]. Irrespective of the dimension d, this quantity can
be extracted from the free energy of the theory defined on a sphere. Motivated by the
similarity of such monotonicity theorems in even and odd dimensions (both of them can
be formulated in terms of sphere free energy) it was conjectured in [6] that these theorems
are special cases of a more general one, valid in continuous range of dimension for which
F˜UV(d) > F˜IR(d) , (1.1)
where F˜ (d) = − sin(pid/2)F (d) and F (d) is the sphere free energy which is defined as
F (d) = − logZ(Sd). The quantity F˜ which turns out to be a smooth function of d,
interpolates between the a-anomaly coefficient in even dimensions and the sphere free
energy in odd dimensions. Thus the inequality (1.1) (dubbed as the “Generalized F -
theorem” in [7]) smoothly interpolates between the corresponding inequalities in even
and odd dimensions.
The value of F˜ has been calculated for several theories. Some interesting examples
include a free conformal scalar, spin 1/2 fermions, U(1) Maxwell theory, the interacting
O(N) model, double trace perturbations of large-N CFTs and conformal QED [6, 7, 8,
10, 11].
In this note we calculate F˜ for a free massless p-form gauge theory on a d-dimensional
sphere of radius R. Our calculation is based on the method prescribed in section 2 of
[8] where F˜ was calculated for p = 0 and 1. We extend this calculation to generic p and
present explicit results for p = 0, 1, 2, 3, 4. As a check of these results we calculate the
a-anomaly coefficient of these theories in d = 2p + 2 where they are conformal and we
find agreement with known values in the literature. Then we compute F˜ for p-form gauge
theories in odd dimensions. In particular, we present the result for a 2-form on S5 and
find that it matches exactly with the corresponding value for a 1-form on S5, obtained in
[8] ,which is expected to hold via Hodge duality. We also check dualities for other values
of p. For odd d we find perfect agreement with classical expectations. On the contrary,
for even d, we find that there is mild disagreement in F˜ for the classically Hodge dual
pair of theories. This discrepancy has been noticed in the literature. Particularly, in 4
dimensions it is known that the contribution of a scalar field and a 2-form to the trace of
the energy-momentum tensor differ [17, 19, 21]. The results from our general formula for
1
F˜ (d) in (2.19), which is valid in continuous dimension, are in complete agreement with
the reported values in the literature.
2 Free energy of a p-form gauge theory on Sd
The action for a free massless Abelian p-form gauge field Ap on a curved manifold is
S =
1
2
∫
Md
Fp+1 ∧ ?Fp+1 , Fp+1 = dAp . (2.1)
This is a scale invariant theory as there are no dimensionful parameters in the action
(2.1). However, it is conformally invariant only in d = 2p+ 2 dimensions1.
This theory has a large gauge redundancy that needs to be fixed before performing
the path integral. The number of degrees of freedom needed to describe the theory in a
Lorentz-invariant manner is
(
d
p
)
. However, the number of propagating degrees of freedom
are
(
d−2
p
)
(which implies that for p > d− 2 there are no propagating degrees of freedom).
Hence, for a proper path integral treatment, we should impose
(
d
p
) − (d−2
p
)
gauge-fixing
conditions. This problem has been well studied in the literature (see [13] and references
therein).
The action (2.1) is invariant under the gauge transformation Ap → Ap +dAp−1, where
Ap−1 is a form of degree (p−1). Therefore, one has to introduce in the action gauge-fixing
terms for Ap and ghost fields which are also form-fields but of degree less than p. The
action for the ghost field has its own gauge invariance and therefore one has to introduce
further gauge-fixing terms and ghost fields for the ghost action and so on until one arrives
at the action for the scalar ghost. The resulting gauge-fixed action contains a tower of
ghosts with alternating statistics.
On a d-dimensional sphere, the Euclidean path integral over the gauge-fixed action
yields the following partition function for the p-form gauge theory [13]
Zp =
[
1
detT ∆p
detT ∆p−1
detT ∆p−2
. . .
(
detT ∆1
det′∆0
vol(Sd)
)(−1)p ]1/2
, (2.2)
where the measure in the path integral is defined such that there are no factors of 2pi in
evaluation of the Gaussian functional integral. ∆p is the Hodge-de Rham operator acting
1One way to see this is to calculate the trace of the energy-momentum tensor and observe that it
vanishes in d = 2p+2. However, this argument is not sufficient since one may possibly find ‘improvement’
terms for the energy-momentum tensor. One has to further show that the energy-momentum tensor
cannot be improved. See ref. [12] for an enlightening discussion for p = 1.
2
on a form of degree p. The subscript T means that the determinant is taken over the
space of coexact (or transverse) p-forms. The prime on scalar determinant means that the
scalar zero mode should be removed in the evaluation of the determinant. The volume
factor,
vol(Sd) =
2pi
d+1
2
Γ(d+1
2
)
Rd ≡ ΩdRd , (2.3)
is a consequence of the regularization of the zero mode of the scalar ghost and the lack
of zero modes for p ≥ 1 forms on a sphere2.
The determinants in (2.2) can be evaluated in the basis of transverse p-form spherical
harmonics. The eigenvalues and the corresponding degeneracies of these harmonics are
given by [13, 14]
λp,l =
1
R2
(l + p)(l + d− p− 1) ,
gp,l =
(2l + d− 1)Γ(l + d)
Γ(p+ 1)Γ(d− p)Γ(l)(l + p)(l + d− p− 1) . (2.4)
In these formulas l ≥ 0 for p = 0 and l > 1 otherwise. However since the scalar zero
mode is not included in (2.2) we will henceforth take l > 0 for all p. In the remainder of
this section we will evaluate the ratio of the determinants in (2.2) on Sd in dimensional
regularization.
To proceed with the calculation we find it convenient to organize the terms in the
sphere free energy, as follows
Fp(d) = − logZp(Sd) =
p∑
n=0
(−1)p−n
(
p+ 1
p− n
)
fn(d)− (−1)
p
2
log
(
vol(Sd)
)
, (2.5)
where
fp(d) =
1
2
p∑
n=0
(
p
n
)
log detT∆n . (2.6)
The logarithm of the determinant can be written as
Ip ≡ log detT∆p =
∞∑
l=1
gp,l log λp,l
=
∞∑
l=1
gp,l log [(l + p)(l + d− p− 1)] + (−1)p log (µ0R)2 , (2.7)
2The scalar action
∫
(∂φ)2 has a shift symmetry by a constant φ→ φ+ φ0 which should be fixed by a
Fadeev-Popov argument. The volume factor appears upon inserting the delta function in a dimensionless
manner. We thank A. Cappelli for this explanation.
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where we have inserted an arbitrary scale µ0 in the logarithm to soak up the dependence
on the radius of the sphere. In the evaluation of the last term in (2.7) we have used the
following result for the sum over the degeneracies gp,l,
∞∑
l=1
gp,l = − cos(ppi) = (−1)p+1 . (2.8)
The above sum converges for sufficiently negative d which can then be analytically con-
tinued to positive d. Before proceeding let us first extract the radius dependence of the
free energy. We write (2.5) as
Fp(d) = F
0
p (d) + F
(R)
p (d) , (2.9)
where F 0p (d) is a radius independent function of d. Using the dimensionally regularized
sum in eq. (2.8) we find that
F (R)p (d) = (−1)p
(
p+ 1− d
2
)
log (Rµ0) . (2.10)
For p = 0 or 1 and d = 3 this logarithmic term has coefficient −1
2
which was previously
obtained in [8, 9]. In odd dimensions the coefficient of the log is invariant under duality.
From the above formula we see that in d = 2p+ 2 dimensions the dependence of the free
energy on the scale µ0 vanishes. This is consistent with the fact that such a theory is
conformal as previously remarked.
To proceed further with the evaluation of Fp(d) we make use of the identity
log y =
∫ ∞
0
dt
t
(
e−t − e−yt) . (2.11)
Using (2.8) the radius independent part of the sum Ip, denoted below as I
0
p , can be written
as
I0p = −
∫ ∞
0
dt
t
(
(−1)p 2e−t +
[ ∞∑
l=1
gp,l
(
e−(l+p)t + e−(l+d−p−1)t
)])
. (2.12)
The infinite sum over the eigenvalues in the square brackets can be evaluated as a finite
sum in terms of hyperbolic functions of t. After some algebra we find the following result
∞∑
l=1
gp,l
(
e−(l+p)t + e−(l+d−p−1)t
)
=4µ(p) cosh
(
t
2
(d− 2p− 1)
)
e−
d
2
t
(1− e−t)d
+ (−1)p+1 (1 + e−t(d−2p−1)) , (2.13)
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where the finite sum µ(p) is defined as
µ(p) =
p∑
n=0
(−1)n Γ(d+ 1)
Γ(d− p+ n+ 1)Γ(p− n+ 1) cosh
(
t
2
(2n+ 1)
)
. (2.14)
To perform an analytic evaluation of the t integral in (2.12) it is convenient to use the
identity
1
t
=
1
1− e−t
∫ 1
0
du e−ut . (2.15)
After some straightforward algebra we obtain the following general result for the radius
independent part of fp(d), denoted below as f
0
p (d). For p > 0 we have
f 0p (d) =
∫ 1
0
du
[
Γ(1 + u)Γ(d− u− 2p)
2p!Γ(d) sin
(
pid
2
) sin(1
2
pi (d− 2u)
)
qp(u, d) +Gp(u, d)
]
, (2.16)
while for p = 0 the result is
f 00 (d) =
∫ 1
0
du
[
(2u− d)Γ(d− u)Γ(u) sin (1
2
pi (d− 2u))
2Γ(d+ 1) sin
(
pid
2
) + 1
2u
]
− 1
2
log(d− 1) . (2.17)
The function Gp(u, d) in (2.16) is defined recursively through the following relation:
Gp(u, d) = (−1)p+1 2p− d
(2p− d)2 − u2 +
p−1∑
k=1
(−1)k+1
(
p− 1
p− k − 1
)
Gp−k(u, d) , (2.18)
and the function qp(u, d) is a polynomial of degree 2p in both u and d. Appendix A
contains the expression for qp(u, d) for p = 1, 2, 3, 4. We have not been able to obtain a
compact expression for qp(u, d) for arbitrary p. Plugging this result in the expression for
the free energy (2.5) we arrive at the main result of our paper,
Fp(d) =
p∑
n=0
(−1)p−n
(
p+ 1
p− n
)
f 0n(d) +
(−1)p+1
2
log (Ωd)
+ (−1)p
(
p+ 1− d
2
)
log (µ0R) . (2.19)
From (2.16) and (2.17), we see that the above expression has simple poles at even integer
values of d. However, the quantity F˜p(d) = − sin(pid/2)Fp(d) is finite for even d and is a
smooth function in continuous range of dimension. For CFTs, the quantity F˜p(d) smoothly
interpolates between (−1)d/2(pi/2) times the a-anomaly coefficient in even dimensions and
(−1)(d+1)/2 times the sphere free energy in odd dimensions [6].
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As a check of these results let us calculate below the value of F˜ for various values of
p. In d = 2p+ 2 dimensions, where the p-form theory is conformal, we have
F˜1(4) = − pi
12
∫ 1
0
du (u− 1)(12− 11u− u2 + u3) = pi
2
· 31
45
, (2.20)
F˜2(6) =
pi
240
∫ 1
0
du (u− 1)(−360 + 314u+ 41u2 − 39u3 − 4u4 + 2u5)
=
pi
2
· 221
210
, (2.21)
F˜3(8) = − pi
10080
∫ 1
0
du (−1 + u)(20160− 17016u− 2584u2 + 2386u3 + 391u4
− 183u5 − 15u6 + 5u7) = pi
2
· 8051
5670
, (2.22)
F˜4(10) = − pi
725760
∫ 1
0
du (u− 1)(−1814400 + 1495728u+ 246348u2 − 223072u3
− 45587u4 + 20395u5 + 2839u6 − 881u7 − 56u8 + 14u9) = pi
2
· 1339661
748440
. (2.23)
The a-anomaly coefficients obtained from (2.20)-(2.23) are in complete agreement with
the corresponding values in [13, 15] which were obtained through the zeta function regu-
larization methods.
For d 6= 2p + 2, but d even, the theory is not conformal. Therefore, in these cases
(−1)d/2(2/pi)F˜ cannot be interpreted as an anomaly coefficient. However, it still fixes the
coefficient of the curvature counterterms in the calculation of the renormalized free energy
in dimensional regularization [8]. Some values of F˜ in these cases are listed below3
F˜0(4) = −pi
2
· 29
90
, F˜0(6) =
pi
2
· 1139
3780
, F˜0(8) = −pi
2
· 32377
113400
, (2.24)
F˜1(6) = −pi
2
· 1271
1890
, F˜1(8) =
pi
2
· 4021
6300
, F˜1(10) = −pi
2
· 456569
748440
, (2.25)
F˜2(4) = −pi
2
· 209
90
, F˜2(8) = −pi
2
· 2603
2520
, F˜2(10) =
pi
2
· 13228
13365
, (2.26)
F˜3(4) =
pi
2
· 4 , F˜3(6) = −pi
2
· 5051
1890
, F˜3(10) = −pi
2
· 5233531
3742200
, (2.27)
F˜4(4) = −pi
2
· 6 , F˜4(6) = pi
2
· 16259
3780
, F˜4(8) = −pi
2
· 7643
2520
. (2.28)
3Eq. (2.24) are the values of the non-conformal scalar with the zero-mode removed. Hence, they
should not be confused with an anomaly coefficient.
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For odd d, straightforward evaluation of (2.19) yields the following results expressed
in terms of F˜
F˜1(3) = F˜0(3) = −1
2
log(2piµ0R) +
ζ(3)
4pi2
, (2.29)
F˜0(5) = F˜3(5) =
3
2
log(µ0R) +
1
2
log
(
2pi2
)− 23ζ(3)
48pi2
+
ζ(5)
16pi4
, (2.30)
F˜1(5) = F˜2(5) = −1
2
log(2piµ0R) +
5ζ(3)
16pi2
+
3ζ(5)
16pi4
, (2.31)
F˜1(7) = F˜4(7) =
3
2
log(µ0R) +
1
2
log(2pi2) +
5ζ(7)
64pi6
− 179ζ(3)
288pi2
− 17ζ(5)
48pi4
, (2.32)
F˜2(7) = F˜3(7) = −1
2
log(2piµ0R) +
49ζ(3)
144pi2
+
7ζ(5)
24pi4
+
5ζ(7)
32pi6
, (2.33)
F˜3(9) = F˜4(9) = −1
2
log(2piµ0R) +
205ζ(3)
576pi2
+
91ζ(5)
256pi4
+
75ζ(7)
256pi6
+
35ζ(9)
256pi8
. (2.34)
Trading off the renormalization scale µ0 with the coupling e (and factors of 2pi) we find
that the expression for the 1-form in (2.31) matches with the result in [8]. Furthermore
we see that it is possible to reproduce this result from a 2-form field on S5 as expected
from classical Hodge duality.
3 Discussion: Classical vs. Quantum equivalence
In d dimensions a p-form theory is Hodge dual to a (d− p− 2)-form theory. For example,
in three dimensions a massless vector (which has just one propagating local degree of
freedom) can be dualized (at least locally) to a scalar via the relation
Fµν ∼ µνρ∂ρφ . (3.1)
This is a classical equivalence. At least for free theories, this equivalence is expected to
hold also at the full quantum level. However, looking at the formal expression of the
partition function in Eq. (2.2), it is not obvious that there exists a quantum equivalence
(i.e., equivalence of partition functions Zp = Zd−p−2) between these theories. The partition
function depends in a non-trivial manner on the spectrum of the various Laplacians defined
on the sphere4.
4Ref. [16] carries out a detailed study of the duality between a scalar and a vector on a generic
Riemannian three-manifold having non-tivial cohomology.
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In the previous section we have explicitly calculated F˜p(d) from the general expression
in Eq. (2.19). The results in equations (2.29)-(2.34) implies that classical equivalence
also holds at the quantum level for various Hodge dual pairs in odd dimensions. On the
contrary, for d even the results in equations (2.24)-(2.28) imply (at least superficially)
that Hodge duality breaks down at the quantum level. A plot of the function (2/pi)F˜ (d)
in Fig. 1 summarizes the scenarios in various dimensions for p = 0, 1, 2.
Let us discuss the case of even d in more detail. For even d, the values of (−1)d/2(2/pi)F˜
for the Hodge dual pairs mildly disagree. For example, consider the pair of (classically)
Hodge dual theories (p, d − p − 2) = (0, 2), (1, 3), (2, 4) in dimensions 4, 6, 8 respectively.
From Eqs. (2.24)-(2.28) we see that the difference in values of (−1)d/2(2/pi)F˜ is −2, 2,−2
respectively. The (0, 4) Hodge dual pair in 6 dimensions has a difference of −4, and so
on.
3.5 4.0 4.5 5.0
d
-2.5
-2.0
-1.5
-1.0
-0.5
0.5
1.0
2
π
Fp
0-form
1-form
2-form
Figure 1: Plot of the smoothly interpolating function (2/pi)F˜p(d) for p = 0, 1, 2 (the
dimensionless quantity µ0R has been set to 1). The green points at d = 3 and 5 indicate
the equivalences of the dual theories at the quantum level. The red points at coordinates
(4,−29
90
) and (4,−209
90
) instead indicate a mismatch between a 0-form and a 2-form in 4
dimensions. The blue dot at (4, 31
45
) is the a-anomaly coefficient of the 1-form.
The quantum inequivalence between a 2-form and a scalar in 4 dimensions has been dis-
cussed in [17, 18, 19, 21] (and references therein). In particular, our result for F˜0(4), F˜2(4)
and F˜3(4) are in agreement with discussions in [17, 19]. We recall that for non-conformal
p-form theories in even d , (−1)d/2(2/pi)F˜ yields the 1/ pole in dimensional regulariza-
tion and fixes the curvature counterterm coefficient in the calculation of the renormalized
free energy. In [19] it was remarked that the difference between counterterm for a 2-form
8
and a 0-form in 4 dimension is equal to the Euler characteristic χ. Since for a sphere the
Euler characteristic χ = 2, we find that our results are consistent with the findings of [19].
Curiously, we further observe that a 3-form in 4 dimensions (which has no propagating
degrees of freedom) has a non-vanishing value of (−1)d/2(2/pi)F˜ = 4. This is −2 times
the difference between the (−1)d/2(2/pi)F˜ values of a 2-form and a scalar in 4 dimensions.
This is again in agreement with the findings of [19]. Ref. [20] gives a general formula for
the difference in the value of (−1)d/2(2/pi)F˜ for various values of p and d. Our results in
various even dimension is in agreement with their general formula in Eq. (5.6).
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A qp(u, d) for p = 1, 2, 3, 4
In this appendix we present the expression of the polynomials qp(u, d) appearing in eq.
(2.16) for p = 1, 2, 3, 4.
q1(u, d) = 1− 3d+ d2 + (4− 3d)u+ 2u2 , (A.1)
q2(u, d) = 4− 42d+ 35d2 − 10d3 + d4 + (60− 77d+ 16d2 + 4d3 − d4)u
+ (62− 20d− 14d2 + 4d3)u2 + (20 + 7d− 5d2)u3 + (2 + 2d)u4 , (A.2)
q3(u, d) = − 144− 2520d+ 3104d2 − 1470d3 + 350d4 − 42d5 + 2d6
+ (3840− 6612d+ 2721d2 + 31d3 − 228d4 + 47d5 − 3d6)u
+ (5488− 3315d− 969d2 + 876d3 − 143d4 + d6)u2
+ (2844 + 212d− 1077d2 + 192d3 + 24d4 − 5d5)u3
+ (700 + 447d− 196d2 − 30d3 + 9d4)u4
+ (84 + 94d+ 3d2 − 7d3)u5
+ (4 + 6d+ 2d2)u6 , (A.3)
q4(u, d) =− 79488− 399456d+ 646536d2 − 399096d3 + 134694d4 − 27216d5
+ 3276d6 − 216d7 + 6d8
+ (651456− 1376952d+ 792160d2 − 107064d3 − 50959d4 + 23376d5
− 4054d6 + 336d7 − 11d8)u
+ (1157136− 956560d− 63860d2 + 246060d3 − 79268d4 + 8422d5
+ 274d6 − 114d7 + 6d8)u2
+ (765936− 100486d− 304907d2 + 113656d3 − 2988d4 − 3858d5
+ 540d6 − 12d7 − d8)u3
+ (267084 + 111150d− 108772d2 + 2234d3 + 7142d4 − 950d5 − 22d6 + 6d7)u4
+ (54432 + 47420d− 11162d2 − 5462d3 + 1072d4 + 66d5 − 14d6)u5
+ (6552 + 8172d+ 876d2 − 796d3 − 36d4 + 16d5)u6
+ (432 + 674d+ 237d2 − 14d3 − 9d4)u7
+ (12 + 22d+ 12d2 + 2d3)u8 . (A.4)
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